Abstract-One major branch of saliency object detection methods is diffusion-based which construct a graph model on a given image and diffuse seed saliency values to the whole graph by a diffusion matrix. While their performance is sensitive to specific feature spaces and scales used for the diffusion matrix definition, little work has been published to systematically promote the robustness and accuracy of salient object detection under the generic mechanism of diffusion.
Abstract-One major branch of saliency object detection methods is diffusion-based which construct a graph model on a given image and diffuse seed saliency values to the whole graph by a diffusion matrix. While their performance is sensitive to specific feature spaces and scales used for the diffusion matrix definition, little work has been published to systematically promote the robustness and accuracy of salient object detection under the generic mechanism of diffusion.
In this work, we firstly present a novel view of the working mechanism of the diffusion process based on mathematical analysis, which reveals that the diffusion process is actually computing the similarity of nodes with respect to the seeds based on diffusion maps. Following this analysis, we propose super diffusion, a novel inclusive learning-based framework for salient object detection, which makes the optimum and robust performance by integrating a large pool of feature spaces, scales and even features originally computed for non-diffusion-based salient object detection. A closed-form solution of the optimal parameters for the integration is determined through supervised learning.
At the local level, we propose to promote each individual diffusion before the integration. Our mathematical analysis reveals the close relationship between saliency diffusion and spectral clustering. Based on this, we propose to re-synthesize each individual diffusion matrix from the most discriminative eigenvectors and the constant eigenvector (for saliency normalization).
The proposed framework is implemented and experimented on prevalently used benchmark datasets, consistently leading to state-of-the-art performance.
Index Terms-Saliency detection, diffusion, spectral clustering.
I. INTRODUCTION
T He aim of saliency detection is to identify the most salient pixels or regions in a digital image which attract humans' first visual attention. Results of saliency detection can be applied to other computer vision tasks such as image resizing, thumbnailing, image segmentation and object detection. Due to its importance, saliency detection has received intensive research attention resulting in many recently proposed algorithms.
In the field of saliency detection, two branches have developed, which are visual saliency detection [1] - [12] and salient object detection [13] - [39] . While the former tries to predict where the human eyes focus on, the latter aims to detect the whole salient object in an image. Saliency in both branches can be computed in a bottom-up fashion using lowlevel features [1] , [2] , [4] , [5] , [8] - [14] , [17] , [18] , [21] - [23] , [28] , [30] - [39] , in a top-down fashion by training with certain samples driven by specific tasks [3] , [6] , [7] , [16] , [25] - [27] , [29] , or in a way of combining both low-level and high-level features [15] , [19] , [20] , [24] . In this work, we focus on salient object detection and utilize both high-level training and lowlevel features. Salient object detection algorithms usually generate bounding boxes, binary foreground and background segmentation, or saliency maps which indicate the saliency likelihood of each pixel. Over the past several years, contrast-based methods [13] , [14] , [18] , [19] significantly promote the benchmark of salient object detection. However, these methods usually miss small local salient regions or bring some outliers such that the resultant saliency maps tend to be nonuniform. To tackle these problems, diffusion-based methods [21] , [22] , [27] , [31] , [35] - [39] use diffusion matrices to propagate saliency information of seeds to the whole salient object. While most of them focus on constructing good graph structures, generating good seed vectors and/or controlling the diffusion process, they have not yet made sufficient effort in analyzing the fundamental working mechanism of the diffusion process and accordingly addressing the inherent problems with the diffusion-based approaches.
The existent diffusion-based methods more or less follow a restricted framework, i.e., a specific diffusion matrix is defined in specific feature space and scale based on a specific graph structure, usually with the seed saliency vector computed according to specific color-space heuristics. As a result, they usually lack in extensibility and robustness. This has motivated our search in this work for an inclusive and extensible diffusion-based framework that incorporates a large pool of feature spaces, scales, and seeds for robust performance. Major contributions of this work reside in the following aspects.
• Novel interpretation of the diffusion mechanism.
Through eigen-analysis of the diffusion matrix, we find that: 1) the saliency of a node (called focus node) is equal to a weighted sum of all the seed saliency values, with the weights determined by the similarity in diffusion map between the focus node and each seed node, and 2) since the diffusion map is formed by the eigenvectors and eigenvalues of the diffusion matrix, the process of saliency diffusion has a close relationship with spectral clustering. This novel interpretation provides the foundation for the novel framework and methods proposed in this work.
• Super diffusion framework for salient object detection. We propose an inclusive and extensible framework, named super diffusion, for salient object detection, which computes the optimal diffusion matrix by exploiting a pool of feature spaces, scales and even saliency features originally computed for non-diffusion-based salient object detection. The parameters for the optimal integration are derived in a closed-form solution through supervised learning. This contrasts with traditional diffusion-based methods that define the diffusion matrices and seeds with high specificity, compromising the robustness of performance.
• Local refinement of saliency diffusion. We propose to promote each individual saliency diffusion scheme prior to its integration into the overall super diffusion framework. Based on the close relationship between saliency diffusion and spectral clustering, the promotion is achieved by re-synthesizing an individual diffusion matrix from the most discriminative eigenvectors and the constant eigenvector (for saliency normalization). In addition, we propose efficient and effective ways to compute seed vectors based on background and foreground priors. It should be noted that an initial version of this work was published as a conference paper [37] , which has been extended to this journal version mainly in the following aspects: 1) proposal of the super diffusion framework with full-length explanation, 2) significantly extended experiments to evaluate the proposed framework in concrete implementation, and 3) more comprehensive coverage and analysis of related works.
II. RELATED WORKS
Diffusion-based salient object detection methods(e.g., [21] , [22] , [27] , [35] - [39] ) share the same main formula:
where A −1 is the diffusion matrix (also called ranking matrix or propagation matrix), s is the seed vector (diffusion seed), and y is the final saliency vector to be computed. Here s usually contains preliminary saliency information of a portion of nodes, that is to say, usually s is not complete and we need to propagate the partial saliency information in s to the whole salient region based on a graph structure to obtain the final saliency map, y [27] . The diffusion matrix A −1 is designed to fulfill this task. The existent methods mostly focus on how to construct the graph structure, how to generate the seed and/or how to control the diffusion process. Accordingly, we review them based on their approaches to the three sub-problems, respectively, in the following sub-sections.
A. Graph Construction
A diffusion-based salient object detection algorithm needs to firstly construct a graph structure on a given image for the definition of diffusion matrix. Specifically, it segments the given image into N superpixels first by an algorithm such as SLIC [40] or ERS [41] , and then constructs a graph G = (V, E) with superpixels as nodes v i , 1 ≤ i ≤ N , and undirected links between node pairs (v i , v j ) as edges e ij , 1 ≤ i, j ≤ N , to define the adjacency. Note that superpixels but not pixels are usually used as nodes for efficiency and stability considerations.
Straightforwardly, two nodes are connected by an edge in the graph if they are contiguous in the image. In order to capture relationship between nodes farther on the image, some works [21] , [22] , [27] , [35] , [37] , [39] connect a node to not only its directly contiguous neighbors, but also its 2-hop and even up to 5-hop neighbors [36] . Besides, some works [21] , [22] , [27] , [35] , [37] - [39] make a close-loop graph by connecting the nodes at the four borders of the image to each other. As a result, the distance between two nodes close to two different borders will be shortened by a path through borders. Work [35] connects each node to all the nodes at the four borders to increase the connectivity of the graph, which provides certain robustness to noise.
The weight w ij of the edge e ij which encodes the similarity between linked nodes usually is defined as
where v i and v j represent the mean feature value of two nodes respectively, and σ is a scale parameter that controls the strength of the weight. All the mentioned diffusion-based methods use the CIE LAB color space as feature space. Finally, the affinity matrix is defined as W = [w ij ] N ×N with w ij computed by Eq. 2 if i = j or edge e ij exists in the graph and assigned 0 otherwise; the degree matrix is defined as
B. Diffusion Matrix and Seed Computation
Different algorithms derive diffusion matrices and seed vectors in different ways. Works [21] , [35] , [39] use inverse Laplacian matrix L −1 as the diffusion matrix. Correspondingly, the formula of saliency diffusion is
where L = D − W. Works [27] , [38] use inverse normalized Laplacian matrix L rw −1 as the diffusion matrix which normalizes weights by degrees of nodes when computing similarity. Correspondingly, the formula of saliency diffusion is
where
. While works [21] , [35] , [38] , [39] use binary background and foreground indication vectors as the seed vectors in two stages, respectively, work [27] computes s by combining hundreds of saliency features F with learned weight w (s = Fw).
Different from the above-mentioned methods, work [22] duplicates the superpixels around the image borders as the virtual background absorbing nodes, and sets the inner nodes as transient nodes. Then, the entry of seed vector s i = 1 if node v i is a transient node and s i = 0 otherwise. Correspondingly, the formula of saliency diffusion is
where P = D −1 W and P is called transition matrix. Note that Eq. 5 is derived from but not identical to the original formula in reference [22] and the derivation process is described in Appendix A.
In general, the existing diffusion-based salient object detection methods derive their diffusion matrices from the basic form of Laplacian matrix. As a result, their performance is restricted by the Laplacian matrix that makes the performance sensitive to the scale parameter and the feature space used for the matrix construction.
C. Diffusion Process Control
Applying Eq. 1 for once to complete the salient object detection task may not produce satisfactory results, as the seed saliency information may diffuse to the non-salient region or may not diffuse to the whole salient region. One common way to control the diffusion process is applying multi-stage diffusion instead of one-stage diffusion. Works [21] , [35] , [38] , [39] diffuse to estimate a non-saliency map using the background prior, and reverses and thresholds the map to get the most salient seed nodes at the first stage; they conduct another pass of diffusion at the second stage with the seed saliency estimated at the first stage. Work [38] further divides each pass of diffusion into a sequence of steps that, instead of computing saliency of all nodes at once, estimates saliency of a subset of nodes as selected according to certain rules. Though effective to a certain extent, these approaches lack in theoretical support and may not be robust in general.
To summarize, researchers have devised good ways to construct the graph structures, the diffusion matrices and the seed vectors exploiting effective heuristics and priors. In this work, we step further to explore novel views of the fundamental diffusion mechanism and, accordingly, make systematic promotion of the diffusion-based salient object detection performance.
III. DIFFUSION RE-INTERPRETED
As discussed before, a diffusion-based salient objection detection algorithm (e.g., [21] , [22] , [27] , [35] , [36] , [38] , [39] ) usually defines the diffusion matrix by a certain form of the Laplacian matrix, denoted by A, which usually is positive semi-definite. Thus, A can be decomposed as A = UΛU T where Λ is a diagonal matrix formed from the eigenvalues λ l , l = 1, 2, . . . , N , and the columns of U are the corresponding eigenvectors u l , l = 1, 2, . . . , N . According to spectral decomposition theories, each element,ã(i, j), of A −1 can then be expressed asã
and each entry, y i , of y as
where ·, · is the inner product operation. According to the reference [42] , Ψ i is called diffusion map (diffusion map at time t = − 1 2 to be more exactly) at the i-th data point (node). Based on Eq.s 7 and 8, we make a novel interpretation of the working mechanism of diffusion-based salient object detection: the saliency of a node (called focus node) is determined by all the seed saliency values in the form of weighted sum, with each weight determined by diffusion map similarity (measured by inner product) between the corresponding seed node and the focus node. In other words, seed nodes having more diffusion map similarity to the focus node will influence more on the focus node's saliency. In a nutshell, diffusion maps are key functional elements for the diffusion.
According to Eq.s 7 and 8, nodes with similar (resp., distinct) diffusion maps tend to obtain similar (resp., distinct) saliency values. Therefore, the process of saliency diffusion is closely related to the clustering of the nodes based on their diffusion maps. Further, diffusion maps are derived from the eigenvalues and eigenvectors of the diffusion matrix, i.e., we form a matrix by putting the weighted eigenvectors in columns and each row of the matrix gives one node's diffusion map (see Eq. 8). As such, the diffusion-map-based clustering is almost identical in form to the standard spectral clustering of the nodes [43] , [44] .
According to [43] - [45] , the spectral clustering performance tends to be sensitive to the scale parameter σ and the feature space used for computing the Laplacian matrix (see Eq. 2), and only a subset of the eigenvectors are the most discriminative while the rest are less discriminative or even cause confusions to the clustering. Due to the close relationship between spectral clustering and saliency diffusion, we foresee that the limitations of the spectral clustering also limit the performance of the saliency diffusion. As such, we address these limitations in this work to fundamentally promote the performance of saliency diffusion.
IV. SUPER DIFFUSION A. Generic Framework
We propose a framework that systematically integrates diffusion maps originally derived from various diffusion matrices and seed vectors originally derived by various heuristics, so as to get rid of the sensitiveness of traditional diffusion-based salient object detection methods to specific feature spaces, scales and heuristics. We call this framework super diffusion.
For the i-th, 1 ≤ i ≤ N , node, we may integrate various diffusion maps by defininĝ
at the i-th node, and α j is its weight to be determined. Correspondingly, we may formulate a matrix
to a seed vector, s, we obtain the saliency vector
Further, we may integrate various seed vectors,
with β k , 1 ≤ k ≤ K, being the weights to be determined. Applying A
−1 I
to s I , we obtain the saliency vector,
where A
given, the variables of this system are α i , 1 ≤ i ≤ M , and β j , 1 ≤ j ≤ K. In other words, the degree of freedom (DOF) for our solution is M + K. In order to increase the room for optimization, we increase the DOF to M × K by replacing w in Eq. 12 with w = [w 1 , w 2 , · · · , w M ×K ] and solving for w i ,
We determine the weighting vector, w, by supervised learning from a training set of L samples, with the loss function defined as
where y(i), y gt (i) and H(i) are the computed saliency vector, the ground-truth binary saliency vector and the H matrix for the i-th training sample, respectively. As J is convex, the optimal w has a closed-form expression of
B. Local Refinement
While the proposed framework in Sec. IV-A promotes the robustness by optimally integrating various diffusion matrices and seeds, each individual diffusion matrix on its own may be optimized as well.
As discussed in Sec. III, only a subset of A's eigenvectors are the most discriminative. Thus, in order to increase the discriminative power of the diffusion maps associated with each specific A i , 1 ≤ i ≤ M , in Sec. IV-A, we are motivated to keep only the most discriminative while discarding the rest of its eigenvectors. Specifically, we refine each individual A −1 i by re-synthesizing it from A i 's most discriminative eigenvectors followed by a normalization step, as detailed in the following subsections. We call this process local refinement for short.
In practice, we first refine each individual diffusion matrix, A −1 i , and then use the refined diffusion matrices to compute all the saliency values in matrix H in Eq. 12 and H(i) in Eq.s 13 and 14. Regarding the choice of A i , 1 ≤ i ≤ M , we use a slightly modified L rw ,L rw (c.f . Sec. IV-B1), as the basic form and define a series of diffusion matrices by varying the feature space and scale parameter when computing the edge weights (c.f . Eq. 2). Our choice is motivated by the fact that L rw often leads to better intra-cluster coherency and clustering consistency than L for spectral clustering (c.f . [44] ).
1) Constant Eigenvector: The eigenvalues, λ l , and eigen-
. Some works (e.g., [21] ) avoid zero eigenvalues by approximately set- 
The constant eigenvectorũ 1 contains no discriminative information. Thus, we discard it and re-synthesize the diffusion matrix, as done in our early conference version [37] of this work. But novelly, we reuse the constant eigenvector later in Sec. IV-B4 for normalization of saliency.
2) Eigengap: In each diffusion matrix, except u 1 that is a constant vector, the more u l (l ∈ [2, N ]) is to the front of the ordered array, the more indicative it usually is for the clustering. For instance, we visualize in Fig. 1 a leading portion (excluding u 1 ) of the ordered array of eigenvectors for each of four sample images. From Fig. 1 , we see that, for each sample image, the first few eigenvectors well indicate node clusters while the later ones often convey less or even confusing information about the clustering. The key is how to determine the exact cutting point before which the eigenvectors should be kept and after which discarded.
In practice, L rw (the same for L) often exhibits an eigengap, i.e., a few of its eigenvalues before the eigengap are much smaller than the rest. Specifically, we denote the eigengap as r and define it as
Usually, Eq. 15 is called eigengap heuristic. According to [44] , some leading eigenvectors (except u 1 ) before the eigengap are usually good cluster indicators which can capture the data cluster information with good accuracy (as observed in Fig. 1 ), meanwhile the location of the eigengap often indicates the right number of data clusters. Further, the larger the difference between the two successive eigenvalues at the eigengap is, the more important the leading eigenvectors are, since u l is weighted by λ The eight columns show the source images (SRC), the corresponding eigenvectors (u 2 -u 7 ) and eigenvalue curves (λ), respectively. We use a white margin between successive eigenvectors to indicate an eigengap (all the eigenvectors, u 2 to u 7 , are before the eigengap, if there is no white margin in that row.). Besides, on the eigenvalue curves, we use red solid segments to indicate the final eigengaps and a red dash segment to indicate an initial eigengap of r = 2 to be reset. Ground-truth saliency of the source images are shown in Fig. 3 .
eigenvalues before the eigengap are close to zero while the rest are much larger, which means that the leading eigenvectors (except u 1 ) will dominate the behavior of the diffusion map.
With the eigengap identified, we then keep only the eigenvectors prior to the eigengap, which are usually the most discriminative ones for the task of node clustering. It may sometimes happen that r = 2 according to Eq. 15, meaning that all the eigenvectors will be filtered out. In this case, we assume the position of the second largest |∆Υ l | as the eigengap.
3) Discriminability: In some cases, an eigenvector may only distinguish a tiny region from the background, e.g., u 5 , u 6 in the second row and u 6 in the last row of Fig. 1 . Usually, these tiny regions are less likely to be the salient regions we search for. Besides, these tiny regions often have been captured by other leading eigenvectors as well. Therefore, such eigenvectors usually have low discriminability and may even worsen the final results by overemphasizing tiny regions.Therefore, we evaluate the discriminability of eigenvector u l by its variance var(u l ), and filter out eigenvectors with variance values below a threshold, v. 4) Normalization: After the above local enhancement operations, each original diffusion matrix A
12. Immediately, we may computeH(i) of the i-th (1 ≤ i ≤ L) training sample using its enhanced diffusion matrices to replace H(i) in Eq. 14 and obtain w. However, this usually is problematic as the saliency vectors computed on different samples and/or by different matrix-seed combinations often exhibit inconsistent ranges of componential values. Therefore, in order to derive an optimal w of generic applicability, we first normalize the saliency vector of each sample computed by each matrix-seed combination, as explained below.
On each specific image sample, for each matrix-seed com- 
Similarly, we normalizeȳ i,j with a componential value range of [p, q] bŷ
In essence, the above normalization process refinesĀ
which is used as the final diffusion matrix for s j on the specific image sample.
Using the finally refined diffusion matrices, we computê H(i) for the i-th (1 ≤ i ≤ L) training sample to replace H(i) in Eq. 14 and finally obtain the solution of w.
C. Choice of Seeds
We utilize the foreground and background prior to design two kinds of seed vectors and use them as s j , 1 ≤ j ≤ K in Eq.s 11 and 12.
Firstly, we assume that nodes closer to the center of image are more salient, and initialize a sequence of Gaussian-filterlike images (with different variances) to compute the first kind of seed vectors, as people usually put salient objects in the central foreground area when taking a photo.
Secondly, we assume that nodes located at the border of image are the least salient, and compute the time that other non-border nodes random walk to them to form the seed vector. Nodes that take more time to reach the border nodes are more salient. Note that the transition matrix of random walk can also be derived from the highly discriminative diffusion matrices,Ā −1 i , 1 ≤ i ≤ M , as explained in Appendix A with an in-depth analysis of the working mechanism of this proposed seed vector construction method.
The foreground and background prior leads to not only good accuracy of seed value estimation, but also high timeefficiency as it avoids an extra pass of color-based preliminary saliency search. Segment each training image into N superpixels, use the superpixels as nodes, connect border nodes to each other and connect nodes that are one or two hops away to construct a graph G. Local refinement: For each training image in (a), 1: Compute
and its eigenvectors U i and eigenvalues Λ i for each setting i in combination of (b)(c); 2: For each A i , discard the constant eigenvector, the eigenvectors after the eigengap or with low discriminability to getĀ
andH by local refinement operations described in Sec.s IV-B1 to IV-B3; 3: For eachĀ 
D. Implementation Details
When constructing the graph, in order to utilize the crossnode correlation in a broader range, we connect not only nodes that are directly adjacent, but also those that are two hops apart. Furthermore, we connect the nodes at the four borders of an image to each other to make a close-loop graph.
The main training steps of the proposed salient object detection algorithm are summarized in Algorithm 1. As for testing, given an input image I, we conduct the superpixel segmentation and graph construction on it and compute itsĤ, following the same initialization and local refinement steps in Alg. 1, and apply the learned weight w toĤ to obtain y =Ĥw T . Finally, we obtain the saliency map S by assigning the value ofŷ i to the corresponding node v i , 1 ≤ i ≤ N .
E. Saliency Features as Diffusion Maps
Most diffusion-based salient object detection methods (e.g., [21] , [22] , [27] , [35] - [39] ) rely on raw color features, e.g., they use the mean color vectors of two linked nodes to compute the edge weight (c.f . Eq. 2) and, correspondingly, the affinity matrix and the diffusion matrix. However, the raw color features may sometimes not be well indicative of the saliency. As such, more saliency features have been devised and used by non-diffusion-based salient object detection methods. In particular, the work [25] effectively integrates hundreds of saliency features for the task of salient object detection. This has motivated us to integrate more saliency features seamlessly into our super diffusion framework.
By our interpretation of the diffusion mechanism (c.f . Sec. III), diffusion maps play a key role in saliency computation and nodes with similar (resp., dissimilar) diffusion maps tend to be assigned similar (resp., dissimilar) saliency values. Therefore, good diffusion maps themselves should be discriminative which are similar for nodes of similar factual saliency and dissimilar otherwise. As saliency features discriminate salient from non-salient nodes, we use them to construct discriminative maps at the nodes to imitate the diffusion process. We call them diffusion maps as well for the convenience of description.
We denote the Z saliency features by
, being an N -dimensional vector containing the corresponding feature values of the nodes. Then we construct a diffusion map for each node by
Incorporating Ψ i into Eq. 9, we updateΨ i tô
with Ψ
, and update A −1 I in Eq. 10 to
Further, we update H and
)×K ] for Eq.s 12, 13 and 14.
Finally, for the training and the testing, the procedures described in the previous sections are still conducted except that the steps in Sec.s IV-B1-IV-B3 are not applied on any A M +1 as it is not a common graph-based diffusion matrix. But still, the normalization step in Sec. IV-B4 is conducted for each matrix-seed combination, A M +1 , s j , 1 ≤ j ≤ K, on each specific image sample.
V. EXPERIMENTS AND ANALYSIS

A. Datasets and Evaluation Methods
Our experiments are conducted on three datasets: the MSRA10K dataset [14] , [32] with 10K images, the DUT-OMRON dataset [21] with 5K images and the ECSSD dataset [23] with 1K images. Each image in these datasets is associated with a human-labeled ground truth.
In order to study the performance of our final super diffusion method, we adopt prevalently used evaluation protocols including precision-recall (PR) curves [13] , F-measure score which is a weighted harmonic mean of precision and recall [13] , mean overlap rate (MOR) score [24] and area under ROC curve (AUC) score [27] , as described in Sec. V-E. Further, to analyze how much the local enhancement operations benefit our method, we propose to measure the quality of a diffusion matrix by visual saliency promotion and constrained optimal seed efficiency (COSE), as detailed in Sec. V-C and Sec. V-D, respectively. Finally, in Sec. V-F, we give an ablation study of all the global and local enhancement operations, to show the effects of different steps in Alg. 1.
B. Experimental Settings
We choose 11 different settings for the scale parameter σ, σ 2 ∈ [10, 11, · · · , 20], and 3 different color spaces, Lab, RGB and HSV , for the feature space, which leads to 11 × 3 = 33 different diffusion matrices, i.e., M = 33 for Eq.s 9, 10 and 12. We set v = 300 as the threshold to filter out eigenvectors of low discriminability in Sec. IV-B3. For the first kind of seed vectors, we take the Gaussian variance from {0.5, 1, 2}. We integrate the saliency features of the work [25] into our super diffusion framework (c.f . Sec. IV-E). For each dataset, we use one half of the images as training samples, and the other half for testing and evaluation. In Sec. V-C and Sec. V-D, in order to avoid zero eigenvalues, we approximately setL
99W when comparing diffusion matrices, as done in the reference [21] . However, our each diffusion matrixÂ j is directly re-synthesized from
by the local refinement. To comprehensively report the effectiveness of our proposed local refinement operations in Sec. IV-B, in Sec. V-C and Sec. V-D, we design two experiments to compare the diffusion results with and without the local refinement. In Sec. V-E and Sec. V-F, we further demonstrate how much our method gets promoted after global enhancement by integration of diffusions.
C. Promotion of Visual Saliency
Visual saliency detection predicts human fixation locations in an image, which are often indicative of salient objects around. Therefore, we use the detected visual saliency as the seed information, and conduct diffusion on it to detect the salient object region in an image. In other words, we promote a visual saliency detection algorithm by diffusion for the task of salient object detection.
In this experiment, we use the results of nine visual saliency detection methods (i.e., IT [1] , AIM [7] , GB [2] , SR [8] , SUN [9] , SeR [10] , SIM [11] , SS [4] and COV [12] ) on the MSRA10K dataset as the seed vectors, respectively, and compare the saliency detection results before and after diffusion. For the diffusion, we test three matrices includingÂ 1 is only one of our locally refined diffusion matrices (without normalization yet) before the integration.
The PR curves of the nine visual saliency detection methods before and after diffusion byÂ
are plotted in Fig. 2(a), (b) and (c) , respectively.
Remarkably, as shown in Fig. 2 , previous visual saliency detection methods which usually can not highlight the whole salient object all get significantly boosted after diffusion with any ofÂ
. The promotion is so significant that some promoted methods even outperform some state-ofthe-art salient objection detection methods, as observed by comparing Fig. 2 and Fig. 4 . This means that, with a good diffusion matrix, we can fill the performance gap between two branches of saliency detection methods.
Comparing Fig.s 2(a) , 2(b) and 2(c), we observe that A
D. Constrained Optimal Seed Efficiency
We prefer a diffusion matrix to use as little query information or, equally, as few non-zero seed values to derive as close saliency to the ground truth as possible. Correspondingly, for a diffusion matrix, we measure the constrained optimal saliency detection accuracy it may achieve at each non-zero seed value budget, leading to a constrained optimal seed efficiency curve, as detailed below.
Given the ground truth GT and the diffusion matrix A −1 , we hope to find the optimal seed vector, s, that minimizes the residual, res, computed by
Aiming to reduce the number of non-zero values in s, we turn the residual minimization to a sparse recovery problem, to solve which we adapt the algorithm of orthogonal matching pursuit (OMP) [46] , as described in Alg. 2. As shown in Alg. 2, we adapt the residual computation tor es = GT − bin(A −1 s) in Step 4, where bin is the binarization operation since GT is binary; we multiply a factor GT(j) in Step 1 to ensure that the non-zero seed values are selected from only the salient region; we solve the nonnegative least-squares problem in Step 3 to ensure nonnegative elements of s. The adapted OMP will stop when r es 2 is below a threshold, c, or the nonnegative seed values at the salient region are all selected, as shown in Step 5. We see that the optimization process in Alg. 2 is constrained, e.g., the seeds are selected from only the salient region, the optimization is conducted in a greedy fashion and so forth. Although the saliency detection performance of these resultant seed vectors provides a good reference for our diffusion matrix evaluation, it should be noted that their optimal performance is constrained but not absolute.
In order to obtain the constrained optimal seed efficiency curve over the full range of nonnegative seed value budget, we set c = 0 in Alg. 2 and, at the i-th (0 ≤ i ≤ 100) iteration, we compute and record the pair of nonnegative seed percentage, r i , and saliency detection accuracy, a i , according to the following formulae:
Based on these (r i , a i ) pairs, we can plot the OSE curve of A −1 on an image.
We substituteÂ
in last section into Eq. 22 for A −1 , respectively. For each diffusion matrix, we plot the average OSE curve over all the images in the MSRA10K dataset, as shown in Fig. 2(d) . From Fig. 2(d) , we observe that the constrained optimal seed efficiency rises sharply at the beginning and levels off at around the nonnegative seed percentage of 30%, thatÂ , and that there is an inherent performance ceiling for each diffusion matrix whileÂ
has the highest one. According to the last observation, it appears that the performance of diffusion-based saliency detection is fundamentally determined by the diffusion matrix, again emphasizing the importance in constructing a good diffusion matrix. Go to 1; 7: end if
E. Salient Object Detection
We experimentally compare our methods (Ours and Ours(ND)) with eight other recently proposed ones including PCA [47] , GMR [21] , MC [22] , DSR [34] , HS [23] , GP [37] and DRFI [25] on salient object detection. When evaluating . PR curves for all the algorithms on (a) the MSRA10K dataset [14] , [32] , (b) the ECSSD dataset [23] , (c) the DUT-OMRON dataset [21] , and (d) PR curves for building steps of our scheme on the MSRA10K dataset [14] , [32] .
these methods, we either use the results from the original authors (when available) or run our own implementations. Among these methods, GMR, MC, and GP are the diffusionbased methods which lead to outstanding performance, and DRFI is the approach that integrates hundreds of saliency features and yields top performance on the saliency benchmark study [48] 1 . Ours(ND) (resp., Ours) is our super diffusion method without (resp., with) the saliency features of DRFI [25] integrated.
We plot the PR curves of all the nine methods on MSRA10K dataset, ECSSD dataset and DUT-OMRON dataset in Fig.s 4(a) , 4(b) and 4(c), respectively. Further, we provide the performance statistics on the five prevalent protocols for all the methods on the three datasets in Tab. I. From both Fig. 4 and Tab. I, we clearly observe that Ours(ND) outperforms the other diffusion-based methods and, after integrating the saliency feature of DRFI, Ours yields the top performance.
For visual comparison, we show in Fig. 3 the saliency object detection results by the benchmark methods and our methods on several images in MSRA10K. From Fig. 3 , we 1 We have noted that recently proposed CNN based methods such as [49] , [50] achieved the best performance on their own report. However, these methods are hard to re-implement and saliency benchmark study [48] does not list these works either.
observe clearly that Ours produces much closer results to the ground truth than the others. It is worth noting that, although Ours(ND) and DRFI both miss some salient regions, after integrating the saliency features of DRFI into the super diffusion framework, Ours successfully highlights most of the salient regions.
F. Effects of Building Steps
In this section, we demonstrate the incremental effects of building steps in the proposed global and local enhancement operations (c.f . Sec. IV-A, Sec. IV-B and Sec. IV-E), as detailed below.
For each test image, we may obtain eight PR curves, S0 to S7. We start from its S0 and progressively obtain S1 to S7 when the constant eigenvector is discarded, the eigenvectors after the eigengap are filtered out, the discriminability weighting is conducted, diffusion maps derived from multiple color spaces are integrated, diffusion maps derived from multiple scales are integrated, multiple diffusion seeds are integrated and saliency features are imported as diffusion maps, respectively. Experimenting on the whole MSRA10K dataset [14] , [32] , we obtain the average PR curves for S0 to S7, as plotted in Fig. 4(d) . From Fig. 4(d) , we observe that all the local and global enhancement operations consistently improve the performance, and the introduction of saliency features as diffusion maps leads to the top performance.
VI. CONCLUSIONS
In this work, we have proposed a super diffusion framework that systematically integrates various diffusion matrices, saliency features and seed vectors into a generalized diffusion system for salient object detection. To the best of our knowledge, this is the first framework of this kind ever published. The whole framework is theoretically based on our novel re-interpretation of the working mechanism of diffusionbased salient object detection, i.e., diffusion maps are core functional elements and the diffusion process is closely related to spectral clustering in general. It takes a learning-based approach and provides a closed-form best solution to the global weighting for the integration. At the local level, it refines each diffusion matrix by getting rid of less discriminating eigenvectors, normalizes each specific saliency vector, and even incorporates discriminative saliency features as diffusion maps. As a result, the proposed framework produces a highly robust salient object detection scheme, yielding the state-ofthe-art performance.
It is worthwhile to emphasize that the proposed super diffusion framework is open and extensible. Besides those employed in this work, it may integrate any other diffusion matrices, saliency features and/or seed vectors as well into the system specifically trained for any application with specific criterion in saliency object detection. In particular, it would be interesting to integrate various CNN-learned saliency features (e.g., [49] , [50] .) into the proposed framework and examine the performance promotion for specific applications. This is being planned for our future work.
APPENDIX A
In this appendix, we give the proof of Eq. 5 and clarify the working mechanism of the second kind of seed vectors proposed in Sec. IV-C.
A. Proof of Eq. 5
The work [22] duplicates the superpixels around the image borders as virtual background absorbing nodes, and sets the inner nodes as transient nodes, thus constructing an Absorbing Markov Chain. It computes the absorbed time for each node as its saliency value. In Eq.s 1 and 8 in the work [22] , it formulates the transition matrix as 
where c is a m dimensional column vector all of whose elements are 1.
In our derivation, we extend Eq. 25 to
and compute the n-th power of P as
As the absorbed time for absorbing nodes is 0, we define the absorbed time for all the nodes as y = y * 0 . From
Eq.s 26, 27 and 24, we have y = (P 0 + P 1 + P 2 + . . .)x = (1 − P)
where x = c 0 . This completes the proof of Eq. 5.
Further, based on our re-interpolation of the diffusion (ref. Sec. III),
meaning that the absorbed time of each node is equal to the sum of the inner products of its diffusion map with those of all the m non-border nodes on the Absorbing Markov Chain.
B. The Second Kind of Seed Vectors
In effect, after connecting all the nodes at the four borders of the image, we have constructed a graph similar to the Absorbing Markov Chain. For every node at the border, it connects with all bn border nodes (including itself) and only bm non-border nodes (bm bn), meaning that once a random walk reaches a border node, it will less likely escape from the border node set. Therefore, we may assume that all the nonborder nodes are transient nodes and all the border nodes are background absorbing nodes.
Accordingly, we compute the absorbed time of all nodes in an image to form a seed vector of the second kind, That is, following Eq. 29, we have
or, equivalently,
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